Introduction
At present over thirty higher fullerenes C n with n from 76 till 94 have been identified [1] [2] [3] [4] , especially by means of 13 C NMR in solution. From the spectra, the molecular symmetries have been assigned to higher fullerenes. Elucidation of their structures has entirely been based on the isolated-pentagon-rule (IPR) conjecture [5] combined with topologically generated patterns [6 -9] . The lowest IPR stoichiometry, which allows for a structural isomerism, is n ϭ 76. However, the situation is basically controlled [10] by a Jahn-Teller effect. Nevertheless, beyond n ϭ 76 it is generally true that isomerism of the IPR structures could be seen in experiments. Indeed, several such mixtures of fullerene isomers have been computed and a reasonable agreement with experiments found: from C 78 till at least C 86 . The thermodynamic computations [34, 35] have clearly shown that temperature effects are significant in understanding higher fullerenes. The inter-isomeric separation energies are important as a starting point, nevertheless, they alone cannot predict the relative stabilities of the IPR isomers at elevated temperatures. As the temperatures reached in fullerene syntheses are high, entropy contributions can even over-compensate the enthalpy ones. This interesting type of enthalpy-entropy interplay was recently reported [36, 37] for smaller fullerenes, too.
C 88 and C 90 are the next two systems in the sequence of higher fullerenes. Experimental results are available for the systems [1] , and they are being further enhanced at present [4] . Hence, related computations should be performed, too. There are [7] thirty five topologically different C 88 IPR structures and forty six IPR isomers of C 90 (some of them actually represent a pair of optical isomers). This paper surveys application of the combined quantum-chemical and statistical-mechanical treatment to the two isomeric sets. The IPR structures are computed at the SAM1 (Semi-Ab-Initio Model 1) semiempirical level [38] and their relative stabilities at higher temperatures are evaluated. The semiempirical results are checked with ab initio computations and compared with available observations [1] [2] [3] [4] .
Computations
The comutations deal with the IPR structures labeled by numerical indexes introduced by Fowler and Manolopoulos [7] , namely with the full sets of 35 IPR structures of C 88 and 46 IPR structures of C 90 . All the IPR topologies were first pre-optimized at a molecular-mechanical level and then re-optimized with the SAM1 method [38] implemented in the AMPAC program package [39] . In the SAM1 optimized geometries, the harmonic vibrational analysis was carried out. Rotational-vibrational partition functions were finally constructed from the data and temperature dependent relative concentrations evaluated [40, 41] . The inter-isomeric energetics was also checked at an ab initio Hartree-Fock (HF) SCF levels, using the standard 4 -31G basis set (HF/4 -31G). The ab initio computations were performed with the G94 program package [42] , however only in the fixed SAM1 optimized molecular geometries (HF/4 -31G//SAM1).
Results and Discussion
The computed energetics of the IPR isomers of C 88 is presented in Table 1 together with the molecular symmetries extracted from the computations. The original topological symmetries represent a kind of [7] .
upper bound -the true symmetries after a quantum-chemical geometry optimization can be the same or lower. In particular, during quantum-chemical calculations the topological symmetry can be lowered owing to Jahn-Teller and pseudo Jahn-Teller effects, or simply owing to general energy reasons. Hence, quantum-chemical computations represent then an essential tool in structure calculations as molecular mechanics cannot handle the Jahn-Teller effect. Table 1 lists only the final SAM1 symmetries. The SAM1 computed symmetry in five cases falls [32] below the topological prediction [7] . However, out of the five cases [32] , only for isomer 34 we meet a Jahn-Teller distortion (namely from T to D 2 ). Table 1 confirms that semiempirical and ab initio calculated inter-isomeric energies usually [31] [32] [33] 43] agree well. The isomer labeled by 17 (C s symmetry) is the ground state of the C 88 IPR set. The species richest in energy is located about 300 kJ/mol above the system ground state. The SAM1 vibrational calculations confirmed that all the localized stationary points are local energy minima as there was no imaginary frequency. The frequencies were applied in the statistical-mechanical treatment [40, 41] without any scaling as such a scaling had a negligible effect on relative concentrations at higher temperatures. Figure 1 presents the temperature evolution of the relative concentrations, w i , for the full, thirtyfive-membered mixture under the conditions of the inter-isomeric thermodynamic equilibrium (evaluated with the HF/4 -31G//SAM1 energetics). Clearly enough, at very low temperatures the groundstate structure has to be prevailing. The systems is essentially controlled by the ground-state energies ⌬H o 0,i in this region. However, at higher temperatures the vibrational partition functions become Figure 1 . The HF/4 -31G//SAM1 computed temperature dependency of the relative concentrations of the C 88 IPR isomers (numbering according to Fowler and Manolopoulos [7] ). gradually more and more important while the importance of the ground-state energy terms is decreasing. It is this interplay which produces the final temperature development. The species second lowest in energy, 7 with a C 2 symmetry, exhibits a fast relative-stability increase with a maximum share of about 30% at a temperature of 1270 K (at the SAM1 level -about 23% around 1470 K). The third lowest species, 33 with a C 2 symmetry, also exhibits a temperature profile with a maximum, though rather modest. There is however a structure with a steady increase which eventually becomes dominant at very high temperatures-20 with a C 1 symmetry (reduced down from a C 2 topological expectation). The isomer is relatively rich in potential energy-over 100 kJ/mol above the ground state. Incidentally, the equimolarity point between the ground state and the 20 structure comes at about 1990 K with 29% for each species (in the SAM1 energetics the equimolarity is reached at about 2240 K with about 26% for either of the two isomers). 13 C NMR spectrum of C 88 in solution had originally been interpreted by Achiba et al. [1] [2] [3] [4] as consistent with an isomer of C 2 symmetry as a major structure. However, a more recent interpretation [4] allows for more structures and the finding is actually in a better agreement with the computations. Figure 2 shows the two IPR structures of C 88 computed as the most significant species at moderate temperatures.
Although Figure 1 gives a different picture for moderate and high temperatures, we can speak in both regions on a symmetry triad: C s , C 2 , C 2 . This interesting conclusion is linked to the fact that the isomer labeled 20 exhibits a C 2 topological symmetry which is reduced to C 1 in the quantum-chemical [7] . geometry optimization. Such symmetry reductions can be connected with rather small coordinate distortions [44] . For example, the topologically icosahedral C 80 cage exhibits [17, 33] the Jahn-Teller geometry distortions of the order of 10 Ϫ3 or 10 Ϫ2 Å. Hence, one can speak on a near-icosahedral C 80 structure. The 20 structure exhibits in our optimizations a C 2 effective symmetry for a coordinate precision of about 4ϫ10 Ϫ2 Å. In fact, the vibrational amplitudes of C 60 from electron diffraction [45] are still larger, and the same is true, e.g., for the vibrational amplitudes of kekulene at room temperature [46] . In overall, the data give us some ground to think on structure 20 as having a near C 2 symmetry.
Let us move now to the C 90 system as the second isomeric set to which the combined quantumchemical and statistical-mechanical treatment is applied [43] . Table 2 surveys the computed energetics again confirming that the SAM1 and HF/4 -31G values are usually very similar. Figure 3 presents temperature evolution of the five most significant C 90 species based on the SAM1 energetics. A structure of C 2 symmetry, labeled 45, is the system ground state (Figure 4) . Achiba et al. [1] reported altogether five C 90 species in 13 C NMR spectra. They treated [1] three HPLC fractions -one C 2v , three C 2 , and one C 1 ; their C 2v species exhibits 25 lines, 5 of them weaker (a further development in the interpretation is however possible [4] ). Figure 3 indeed indicates that there are just five structures which exhibit a significant population in a high-temperature region: C 2 45, C 2v 46, C s 35, C 2 18, and C 1 9. Again, at very low temperatures the ground-state structure must be the dominant species, though it exhibits a fast stability decrease. Its equimolarity with the 18 structure is reached at a temperature of Figure 3 . The SAM1 computed temperature dependency of the relative concentrations for the five C 90 IPR structures most significant at higher temperatures (numbering according to Fowler and Manolopoulos [7] ). 2012 K. Two other structures, 35 and 46, show moderate maxima close to 1500 K. The last structure, 9, becomes quite important at very high temperatures.
One may expect that the temperatures relevant for fullerene synthesis are somewhere beyond 800 K. Our computations have predicted that at elevated temperatures we primarily deal with five C 90 structures: C 2 , C 2 , C s , C 2v , and C 1 . Hence, we have only three direct coincidences with the experiment [1] as the computed C 2v structure has a different NMR pattern (24 lines, 3 of them weaker). The other structure considered only in the computation is a C s species with 46 lines (2 of them weaker). If we now combine together the NMR patterns of the two structures predicted by theory, C 2v and C s , we get 70 lines (5 of them weaker). In the experiment [1] one fraction also gave exactly 70 lines, five of them weaker, and it was interpreted as mixture of a C 2 symmetry and C 2v structure with 25 lines (5 of them weaker). Hence, the experimental finding could be interpreted in two different ways, but only one of them is consistent with the quantum-chemical computations.
The reported considerable thermal effects on the IPR C 88 and C 90 relative stabilities result from a complex interplay between rotational, vibrational, potential-energy terms, and chirality factors. The whole scheme however deals with the inter-isomeric thermodynamic equilibrium. It is still difficult to check the presumption under the real experimental conditions. Anyhow, the thermodynamic-equilibrium treatment already produced [34, 35] a reasonable theory-experiment agreement in eight isomeric systems (C 76 , C 78 , C 80 , C 82 , C 84 , C 86 , C 88 , and C 90 ). This relatively strong evidence clearly supports our belief in a good applicability of the combined quantum-chemical and statistical-mechanical treatment. The general technique should represent [47] a key tool in further screening of particularly stable higher fullerenes as molecular agents for applications in materials science and nano-technology endeavors. 
